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CHAPTER  7 


DUALITIES  AND  SHADOW  PRICING 

The  dualities  to  be  considered  here  are  between:  (a)  Minimal  Cost 
Functional  and  Distance  Functional  for  Input  Structures,  (b)  Maximal 
Revenue  Functional  and  Distance  Functional  for  Output  Structure. 

Globally  strong  forms  of  these  dualities  take  the  forms:  (a)  Minimal 
Cost  and  Distance  Functional  are  expressable  in  terms  of  each  other  by 
dual  minimal  problems,  (b)  Maximal  Revenue  and  Distance  Functional  are 

i 

expressable  in  terms  of  each  other  by  dual  maximal  problems.  These 
strong  forms  require  the  addition  of  rather  strong  additional  assumptions 
beyond  the  weak  axioms  for  the  related  dynamic  production  correspondences. 

Globally  weak  forms  involving  inequalities  for  the  equality  expressing 
the  distance  functionals  apply  under  the  weak  axioms.  Partial  dualities 
in  the  strong  form  are  possible  under  the  weak  axioms. 

The  shadow  pricing  is  formed  by  use  of  the  dual  functionals  in  the 
weak  form.  Such  prices  are  a dynamic  generalization  of  the  usual  shadow  1 

prices  of  static  mathematical  programming.  1 

i 

7.1  Duality  Between  Minimal  Cost  Functional  and  Distance  Functional  ' 

for  Input  Correspondence 

For  the  analysis  to  follow  it  is  convenient  to  introduce  for  i 

u e (L  )”  , x c (L  )?  , the  functional  I 

OO  -+■  00  + 

(7.1-1)  ? (u , x ) : = Inf  |<p,x>  : K(u,p)  > 1 , p e (L^)"!  * 1 

p 1 * 1 

"k  jjl 

and  define  a subset  1L  (u)  for  u e (Lm)  by 


2 


(7.1-2)  ]L*(u)  : = jx  e (L.)"  : ?*(u,x)  > l|  . 

The  following  proposition  holds: 

Proposition  (7.1-1):  (Shephard,  1970:a)  IL(u)  C ]L  (u) 

If  u = 0 , 1L(0)  ■ (L^)"  (property  1L.1,  Section  (2.2.1)), 

— ic  ★ 

implying  K(0,p)  3 0 and  Y (u,x)  3 +»  , which  in  turn  implies  1L  (u) 

(L^)"  . If  u >_  0 and  IL(u)  is  empty,  K(u,p)  = +°“  for  p e (L^)™ 

— * ft  ★ 

implying  ¥ (u,x)  3 0 for  x e (L  ) , and  thereby  1L  (u)  is  empty. 
Thus  we  need  only  consider  further  that  u ^ 0 and  ]L(u)  is  not  empty 
Let  x°  e IL(u)  , u ^ 0 . 

From  the  definition  of  K(u,p)  it  follows  that 

<p,x°)  > K(u,p)  for  all  p e (Lp"  , 

and,  if  p e jp  e (Lp”  : K(u,p)  > lj  , 

< p,x°)  > K(u,p)  > 1 . 

o o 

Accordingly,  from  the  definition  of  T (u,x  ) as  the  infimum  of  <p,x  ) 
for  K(u,p)  > 1 , it  follows  that  there  exists  for  any  positive  scalar 
e > 0 a vector  of  price  functions  p^  e jp  e (L^)™  : K(u,p)  > lj 
such  that 

f (u,x°)  + e > < p£ ,x°  > > 1 , 

— * O O * * 

whence  V (u,x  ) > 1 and  x e 1L  (u)  . Thus  IL(u)  C IL  (u)  . 


The  following  proposition  states  the  Weak  Global  Duality  between 
minimal  cost  functional  and  distance  functional  for  the  dynamic  input 
structure. 

Proposition  (7.1-2):  (Shephard,  1970:a) 

If  the  dynamic  input  correspondence  u IL(u)  satisfies  the  weak 
properties  1L.1,  ...,  1L.6,  in  weak  form, 

?(u,x)  < Inf  |<p,x>  : K(u,p)  > 1 , p e (L.)^l 
P ( ’ 

K(u,p)  * Min  j<  p,x)  : H|(u,x)  > 1 , x t (Lb)"  i 
x " f 

for  u e (L  )™  , x e (L  )"  , p e (L  )"  . 

The  second  part  of  the  statement  of  Proposition  (7.1-2)  follows  from 

the  definition  (6.1-1)  and  Proposition  (4.2-1).  Concerning  the  first 

— — * 

part,  there  are  two  cases  to  eliminate  in  comparing  T(u,x)  and  T (u,x) 

(a)  Y(u,x)  > t (u.x)  , T*(u,x)  = 0 

(b)  ?(u,x)  > ¥ (u , x ) , ? (u.x)  > 0 . 

For  case  (a),  let  x°  e (L  )?  be  a vector  of  input  histories  such 

oo  + 

that  ¥ (u,x°)  » 0 . Then  ¥(u,x°)  > 0 . Let  A = [¥(u,x°)]  ^ . Then 
¥(u,Ax°)  * 1 , implying  (Ax°)  e IL(u)  C 1L  (u)  , by  Proposition  (7.1-1). 
Hence,  by  the  definition  (7.1-2) 

¥ (u,Ax°)  = A ¥ (u,x°)  > 1 , 

.A  o 

and  ¥ (u.x  ) > 0 , a contradiction.  Hence  case  (a)  cannot  hold. 

For  case  (b) , choose  x°  so  that  ¥ (u,x°)  > 0 . Then  from 


— jV  O 

ay  (u,x  ) > 1 

and 

A - [?(u,x°) ]-1  , 

— A o — o 

it  follows  tha*  f (u,x  ) > Y(u,x  ) , a contradiction.  Thus  case  (b) 
cannot  hold. 

For  a globally  strong  duality  between  minimal  cost  functional  and 
distance  functional  for  input  correspondence,  the  inequality  for  the 
first  statement  of  Proposition  (7.1-2)  is  strengthened  to  an  equality 
when  the  map  sets  H(u)  of  vectors  of  input  histories  to  attain 
u e (Lot)™  are  convex,  i.e.,  if 

x e IL(u)  , y e IL(u)  , ((1  - A)x  + Ay)  e IL(u)  for  A e [0,1]  , 

and  axiom  IP.3SS  1L.3SS  holds,  i.e.,  input  rates  are  freely  disposable 

for  the  input  histories  x e (L^)”  . Since  prices  are  chosen  in  > 

★ 

a weak  topology  is  used  for  x e JL(u)  . Then  the  following  proposition 


may  be  stated. 
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Proposition  (7.1-3):  (Shephard,  1953,  1970:a) 

If  the  dynamic  input  correspondence  u -+  ]L(u)  satisfies  1L.3SS 

m * 

and  IL(u)  is  convex  for  u e (L^)^  under  a weak  topology  for 

u a,(u) 

^(u,x)  = Inf  |<p,x>  : K(u,p)  > 1 , p e (L1)^ 

K(u,p)  = Min  i<  p,x>  : |(u,x)  > 1 , x e (L^)”  l , 
x * ' 

for  u e (Lm)°  , x e (LJ  + , p e (1^)+  • 

For  proof  one  need  only  show  in  addition  to  that  for  Proposition 
(7.1-2)  that  f(u,x)  > ? (u,x)  , and  to  this  end  Proposition  (7.1-1) 
is  strengthened  to: 

Proposition  (7.1-4):  (Shephard,  1970:a) 

* 

]L(u)  = 1L  (u)  if  u IL(u)  satisfies  1L.3SS  and  IL(u)  is 

m "k 

convex  for  u e (L^)^  under  a weak  topology  for  u ■+■  iL(u)  . 

* 

Here  we  need  only  show  beyond  Proposition  (7.1-1)  that  1L  (u)  C IL(u)  . 


If 

u = 0 , Y* 

(0,x)  - 

+°°  for  x 

e (L  )"  and 

00  + 

1L*(0)  - (L Jl  = IL (0)  . 

If 

u >_  0 and 

IL(u) 

is  empty, 

K(u,p)  * -H» 

for  p c (L  )"  , 

— * k 

implying  ¥ (u,x)  = 0 and  ]L  (u)  is  likewise  empty  by  the  definition 
(7.1-2).  It  remains  to  consider  u >_  0 , with  IL(u)  not  empty. 

Now  3L(u)  not  empty,  u >_  0 , implies  1L  (u)  D IL(u)  also  nonempty. 

Now  suppose  £,  (u)  ]L(u)  . Then  there  exists  x°  e (L^)”  , 

o o * , O i * 

x 21  0 such  that  x e IL  (u)  , but  x f IL(u)  . Then,  using  the  weak 

topology  for  (L^)”  , with  IL(u)  convex  and  the  correspondence  u -►  ]L(u) 


being  taken  closed  (property  ]L.5)  in  this  topology,  and  input  histories 


6 


disposable  by  1L.3SS,  by  the  strict  separation  theorem  (see  Berge,  1963), 
there  exists  a vector  p e (l^)  + » P i 0 > of  price  functions  such 
that  (p,x°>  < K(u,p)  and  <p,x°)  < 1 where 

p : ' s {p  £ <Li>"  : K(u'p)  i • 

Since  x°  £ 1 (u)  , V (u,x°)  < <p,x°><  1 , a contradiction.  Hence 

* * 

1L  (u)  C IL(u)  and  TL  (u)  * IL(u)  . 

_ Q — & Q 

Now,  continuing  with  Proposition  (7.1.3),  suppose  ^(u.x  ) < ¥ (u,x  ) 
for  some  x°  e (L  )?  . As  before  we  have  two  cases 

00  -f- 

(a)  ? (u,x°)  > ¥(u,x°)  * 0 

(b)  f*(u,x°)  > f(u,x°)  > 0 . 

— _ Q 

By  similar  argument  to  that  given  for  ¥(u,x)  > ¥ (u,x  ) using  the  fact 

• k 

that  ]L  (u)  = IL(u)  , the  two  cases  are  shown  to  be  not  possible. 

Thus  ? (u,x)  = 4'(u,x)  for  u £ (L  )™  , x e (L  )"  . 

— V 00  oo  *+• 

If  one  seeks  to  construct  the  dynamic  input  correspondence  u ■*  IL(u) 

completely  from  the  minimal  cost  functional,  convexity  and  free  dis- 
posability of  input  histories  for  the  map  sets  lL(u)  are  required. 
However  for  some  economic  analyses  one  may  be  interested  only  in  a given 
vector  p >_  0 of  price  histories  for  inputs,  so  that  only  input  vectors 

x(p)  such  that  (p  , x(p) > * K(u,p)  , and  scalar  extensions  of  the  same, 

are  of  interest.  For  this  situation  where  p >_  0 , p e (L^)”  , define 

(7.1-3)  Wp(u)  : » (Ax  : x e IL(u)  , (p,x>  = K(u,p)  , \ e [1,+°°)}  . 
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l 


Then  the  following  proposition  holds  without  recou.se  to  the  weak 
topology  for  u -*•  3L(u)  . 

Proposition  (7.1-4):  (Fare,  1978:a) 

For  p >_  0 , p e (L^)  + , u e (L^)™  and  IL(u)  # 0 , and  only 
the  weak  axioms  1L.1,  I..6  holding, 

(7.1-4)  T (u,x)  = Inf  { ( Xp,x  > : X e [0,+°°)  , K(u,Xp)  > 1} 

X 

if  and  only  if  x c Wp(u)  . 

For  ^p(ii)  C IL(u)  a distance  functional  is  defined  by  (see 
Section  4.2) 


(7.1-5)  fp(u,x)  : = [Inf  {X  : (Xx)  e W (u)  , X e [0.+®)}]"1  , 

and,  like  Propositions  (4.2-1)  and  (4.2-2), 

(7-1-6)  W (u)  = (x  e (L  )°  : ? (u,x)  > it  . 

(7-1-7)  IS0QWp(u)  ={x  e (L : fp(u,x)  = l}  . 

Assume  first  that  x e W (u)  . Then  x = Xy  , where  y e ISOQ  W (u) 

P p 

implying  y e ISOQ  ]L(u)  , and  T(u,x)  = f(u,Xy)  = X?(u,y)  = X . 
Also,  fp(u,x)  - fp (u, Xy)  = X?  (u,y)  = X . Now,  using  (7.1-3), 


Tp(u,x)  =»  [Inf  (X  : <p,Xx>  > K(u,p)}] 
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V (u,x) 


< P>x) 

JC(u,p) 


Inf{(Xp,x>  : K(u,Xp)  > 1 , X t [0,+®)}  . 

X 


_ -k 

Conversely,  let  ^(u.x)  denote  the  right  hand  side  of  (7.1-4),  and 

. .A 

suppose  Y(u,x)  = V (u,x)  . Define  also 

-p 


®*(u) 


{ 


X c <L«> 


n 

+ 


x e ]L(u) 


5*(u,x)  > 1 

-p 


Then,  by  an  argument  analogous  to  that  given  in  Proposition  (7.1-1), 

★ O * 

it  may  be  shown  that  W (u)  Cf  (u)  . Next  let  (Xx  ) e W (u)  , and 

P P P 

assume  (Xx°)  £ W^(u)  . The  first  implies 


while  the  second  implies 


^ ‘ 1 - 


1 contradiction.  Thus  W*(u)  Cf  (u)  and  W*(u) 

P P P 

argument  similar  to  that  of  Proposition  (7.1-3)  it 


! W^(u)  . By  an 
may  be  shown  that 


**(u,x)  = Tp(u,x)  , x e (LjJ  . 

Note  that  when  (Xx°)  ^ W^(u)  for  * e [0,+®)  , fp(u,x°)  « ^(u.x0)  = 0 , 

implying  K(u,p)  * 4®  and  ?^(u,x°)  “ 0 , and  also  (Xx°)  $ W*(u) 

for  X e [0,+®)  . Finally  if  x e ]L(u)  and  ¥ (u,x)  = ?(u,x)  , then 

-P 

¥ (u , x)  * ¥*(u,x)  » ¥ (u , x)  > 1 , 

-p  -p  - 

and  x e W (u)  . 

P 


The  significance  of  Proposition  (7.1.4)  is  that  when  the  vector 
x of  input  histories  belongs  to  the  aureoled  subset  of  cost  minimizers 
of  3L(u)  ^ 0 for  a given  vector  p >_  0 of  price  histories  for  the 
factors,  the  value  of  the  distance  functional  of  u -*•  ]L(u)  for  x 
may  be  expressed  as  a partial  minimal  problem  of  structure  similar  to 
that  for  the  global  duality.  This  partial  strong  form  of  the  duality 
holds  under  the  weak  axioms  for  the  correspondence. 

7.2  Duality  Between  Maximal  Revenue  Functional  and  Distance  Functional 
for  Output  Correspondence 

The  analysis  for  duality  between  maximal  revenue  functional  R(x,r) 
and  the  distance  functional  ft(x,u)  so  closely  follows  that  given  for 
the  minimal  cost  functional  K(u,p)  and  the  distance  functional 
4'(u,x)  , that  details  need  not  be  repeated  here. 

A global  weak  duality  between  ]R(x,r)  and  S2(x,u)  is  expressed  by: 

Proposition  (7.2-1):  (Shephard,  1970:a) 

If  the  dynamic  output  correspondence  x -*■  ]P(x)  satisfies  ]P.l 

TP.  6 in  weak  form: 

ft(x,u)  < Sup 
r 

H(x,r)  = Max  < < r , u > : fl(x,r)  < 1 , u e (L^)™  > 
u ' ' 

for  x e (Lb)"  , u e (Lj™  , r e (I^)"1  . 

A globally  strong  form  of  the  duality  between  ]R(x,r)  and  fl(x,u) 


<r,u>  : ]R(x,r)  < 1 , r e (L 


!>■} 


is  stated  by 
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Proposition  (7.2-2):  (Shephard,  1970:a) 

If  the  dynamic  output  correspondence  satisfies  IP.6SS  and  P(x) 

is  convex  for  x e (L  )?  , 

00  + 

n(x,u)  * Sup  |(  r,u>  : F(x,r)  < 1 , r e (L1)m| 

]R(x,r)  * Max  <<r,u>  : Q(x,u)  < 1 , u e (L^)™  l 
u ' ' 

for  u e (L  , x e (L  )**  , r e (L  )m  , under  the  weak  topology 

00  i"  00  + J. 

for  x -»■  P(x)  . 

Again,  one  cannot  construct  the  dynamic  output  correspondence 
x + F(x)  completely  from  the  maximal  revenue  functional  unless  the 
sets  P(x)  of  vectors  of  output  histories  have  freely  disposable 
histories  and  P(x)  is  a convex  subset  of  (L^)™  . However  a partial 
duality  in  the  strong  form  holds  under  weak  axioms  for  the  correspondence. 
Define,  for  given  r e (L, )m  , x e (L  )”  , ]R(x,r)  > 0 , 

(7.2-1)  W^(x)  : = {9u  : u e P(x)  , (r,u>  = F(x,r)  , 9 e [0,1]}  . 

Then  the  following  partial  duality  in  the  strong  form  holds: 

Proposition  (7.2-3):  (Fare,  1978:a) 

For  re  (L,)m  , x e (L  )"  with  P(x,r)  > 0 , 

1 00  -r 

(7.2-2)  0(x,u)  *=  Sup{(9r,x)  : 9 e [0,+®)  , P(x,9r)  < 1} 

9 

if  and  only  if  u e Wr(x)  . 
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7.3  Shadow  Price  Functions  for  Input  and  Output  Histories 

Consider  first  the  case  where  a vector  x°  z (L^)”  of  input  histories 

is  given  and  a vector  r°  e (L^)m  of  price  histories  for  outputs  is 

likewise  given.  With  x°  a set  P(x°)  of  vectors  of  output  histories, 

and  for  any  u z P(x°)  , <r°,u>  is  the  value  of  that  result  from  the 

use  of  x . The  maximal  value  of  <r°,u>  for  u z ]P(x0)  is  given  by 

]R(x°,r°)  for  some  u e P(x°)  , depending  upon  x°  and  r°  . The 

value  R(x°,r°)  represents  the  best  result  possible  from  the  use  of  x°  . 

s n 

One  seeks  a vector  p z (L^)  + °f  shadow  price  histories  for  the  input 
histories  of  x°  which  reflects  their  contribution  (technical  Importance) 
in  attaining  ]R(x°,r°)  . It  is  clear  that  the  shadow  price  history 
vector  ps  may  depend  upon  x°  and  r°  . 

For  the  construction  of  the  vector  ps  of  shadow  price  histories, 

suppose  ]R(x°,r°)  > 0 , otherwise  an  imputation  of  price  histories 

s o 

p is  meaningless.  In  some  way  the  valuations  of  the  components  of  x 

sought  are  the  minimal  price  histories  p^  possible  subject  to  the 

s o 

constraint  that  the  so  imputed  value  < p ,x  > is  at  least  as  large  as 
the  maximal  value  R(x°,r°)  attainable  with  x°  . 

Consider  any  feasible  vector  pair,  u e P(x°)  . The  distance 
functional  for  u -*■  !(u)  satisfies  (by  Proposition  (7.1-2)) 


(7.3-1)  ?(u,x°)  < Inf  |(p,x°)  : K(u,p)  > 1 , p e (1^)+} 

P 1 ’ 1 


it  o O 

with  u (x  ,r  ) yielding 


(7.3-2)  ]R(x°,r°)  *Max|(r°,u)  : u z P(x°)|  : =(r°,u  ) 


u 
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The  inequality  (7.3-1)  may  be  rewritten 

(7.3-3)  ?(u,x°)  < — Inf  p,x°>  : K(u,p)  > lR(x°,r°)  , pe  (L. )“  i 

TR(x°,r°)  p < = 1 +> 

Then  since  u e P(x°)  , implying  x°  z l(u*)  , T(u,x°)  > 1 , and 

Inf  j(p,x°)  : K(u  ,p)  > lR(x°,r°)  , p e (1^)“  j > (r°,u*>  . 

Accordingly,  the  following  proposition  holds: 

Proposition  (7.3-1):  (Shephard,  1970: a) 

For  x°  z (La)"  , r°  e (L^)m  given  with  ]R(x°,r°)  > 0 , a vector 

§ 

p solving  the  problem 

(7.3-4)  Inf  |<  p • x°>  : K(u  ,p)  > ]R(x°,r°)  , p e (L  )™  i 

p ' = > 

o * o o 

where  ( r ,u  ) * ]R(x  , r ) , is  a minimal  vector  of  shadow  price  histories 
for  x°  satisfying 


(7.3-5)  (ps,x°)  > ( r°,u  > = ®(x°,r°)  . 

o * 

In  case  x e ISOQ  !L(u  ) and  the  globally  strong  dual  expression 
for  ?(u,x)  holds,  the  inequality  sign  in  (7.3-5)  may  be  changed  to  an 
equal  sign. 

§ 

In  a similar  way  a vector  r of  shadow  price  histories  may  be 
constructed  for  a given  vector  u°  z (L  )m  when  a vector  p°  c (L, )” 

CD  + l + 

of  price  histories  is  given  for  inputs,  where  lL(u°)  ^ 0 , u°  0 and 
K(u°,p°)  > 0 . 
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Let  x e lL(u°)  yield  K(u°,p°)  and 

1 > Q(x  ,u°)  > ^ — — Sup  i < r , u°  > : R(x*,r)  < K(u°,p°)  , r e (L  )m  1 . 

‘ K(u°,p°)  r [ = 1 > 

Then  the  following  proposition  is  evident. 

Proposition  (7.3-2):  (Shephard,  1970:a) 

For  u°  e (L^)™  , p°  e (1^)”  , lL(u°)  + 0 and  K(u°,p°)  > 0 , 
a vector  rs  solving  the  problem 

(7.3-6)  Sup  j(  r ,u° ) : ]R(x  ,r)  < K(u°,p°)  , r e (L1)m|  > 
o * o o 

where  <p  ,x  > » K(u  ,p  ) , is  a maximal  vector  of  shadow  price  histories 
for  u°  satisfying 

(7.3-7)  (rS,u°)  < <p°,x  > « K(u°,p°)  . 

In  case  the  globally  strong  dual  expression  for  Ji(x,u)  holds 
o * 

and  u e ISOQ  P(x  ) , the  inequality  sign  of  (7.3-7)  may  be  changed 
to  an  equality  sign. 

Vectors  of  shadow  price  histories  may  be  determined  for  both 
input  and  output  histories  for  any  technically  feasible  pair  x°  e (L^)”  , 
u°  £ (L  )”  , i.e.,  u°  e P(x°)  x°  e ]L(u°)  . By  the  globally 
weak  dual  expressions  for  f(u°,x°)  and  fl(x°,u°)  , and  Propositions 
(4.1-1)  and  (4.2-1), 
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Inf  |<p,x°>  : K(u°,p)  > 1 , p e (L^j 

P 1 

(7.3-8) 

< Sup<<r,u°)  : ]R(x°,r)  < 1 , r e (L1)m>  • 

r ' ’ 

Accordingly  the  following  proposition  holds: 

Proposition  (7.3-3):  (Shephard,  1970:a) 

o .m  o .n  o o.  s s 

For  u e (L  ).  , x z (L  ) , u z IP(x  ) vectors  p , r 

00  + 00  ^ 

respectively  solving  the  problems 

(7.3-9)  Inf  |(p,x°>  : K(u°,p)  > 1 , p e 

P { 

(7.3-10)  Sup|<r,u°)  : ]R(x°,r)  < 1 , r e (L1)m| 

o 

are  minimal  and  maximal  vectors  of  shadow  price  histories  for  x and 
u°  respectively,  satisfying 

(7.3-11)  (rs,u°)  < (PS,x°>  . 

The  inequality  (7.3-11)  becomes  an  equality  if  x°  z ISOQ  3L(u°)  , 
u°  z ISOQ  P(x°)  , and  the  globally  strong  dual  expressions  hold  for 
fi(x,u)  and  ^(u.x)  . 


When  the  dynamic  input  or  output  structure  has  ray  homothetic  form, 
the  shadow  price  history  mixes  are  not  altered  by  scaling  of  inputs  and 
outputs.  If  the  dynamic  output  correspondence  is  ray  homothetic, 
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for  X e (0,+°°)  . Then  the  minimal  problem  defining  ps  for  given 


Xx  e (Loo)+  , r e (1^)  , with  1R| 

becomes 


> 0 , and  X z (0,-H=°)  , 


In  the  case  where  the  dynamic  input  structure  is  ray  homothetic , 
u°  z (L^)™  , p°  z (L^)  + • !L(u°)  + 0 and  K(u°,p°)  > 0 , the  maximal 

problem  defining  rS  for  (0u°)  , 0 e (0,-H»)  , becomes 


Sup  { < r ,0u°  > 
r 


0 


G (JJ  (0u°) ) 


Sup  < r,u°) 
r ( 


]R(x  ,r)  < K(u°  ,p°) } 


]R(x  ,r)  < 


, r e (1^)“ 


I 

r 


s s 

When  both  p and  r are  simultaneously  determined  for  a feasible  pair, 
and  either  x°  or  u°  is  scaled  so  that  (Xx°)  z IL(0u°)  , the  shadow 
price  mixes  are  likewise  independent  of  the  scaling  factors  X , 0 . 

Thus  the  following  proposition  holds: 


Proposition  (7.3-4): 

If  the  dynamic  output  structure  (input  structure)  is  ray  homothetic, 

s s 

the  relative  price  histories  of  the  shadow  price  vector  p (r  ) and 


16 


independent  of  scaling  of  x°  (u°)  , when  a price  history  vector 
r°  (p°)  is  given.  Feasible  scaled  vectors  of  input  and  output 
histories  have  shadow  price  history  mixes  independent  of  the  scaling 
factors. 
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CHAPTER  8 

INDEX  FUNCTIONS  FOR  PRODUCTION  THEORY 

In  the  static  theory  of  the  price  index,  prices  at  two  points  of  time 
for  a given  bundle  of  goods  and  services  are  compared  by  the  ratio  of  the 
implied  cost  of  the  bundle  at  these  two  points  of  time.  In  case  the 
bundle  represents  a collection  of  consumption  goods  and  a representative 
utility  function  is  used  to  optimize  a vector  of  input  rates  of  these 
goods,  a "cost  of  living  index"  is  formulated  by  comparing  the  minimal 
cost  of  achieving  a given  level  of  utility  (satisfaction)  at  the  two 
points  of  time,  which  in  general  is  not  independent  of  the  level  of 
satisfaction  selected. 

For  the  dynamic  theory  of  production  it  is  useful  to  formulate  index 
functions  which  represent  at  a time  T e (0,+°°)  , a comparison  of  two 
aggregate  levels,  cumulatively,  of  prices  and  quantities  for  both  inputs 
and  outputs,  in  such  a way  that  the  index  functions  so  developed  serve  a 
dynamic  macroeconomic  expression  of  the  theory.  Since  the  use  of  value 
ratios  to  define  index  numbers  is  of  long  tradition  in  economics,  this 
approach  will  be  used  here. 

8.1  Price  and  Quantity  Indices  for  Inputs 

Let  p^  e (L^)"  , p^  z (L^)"  , > 0 be  two  vectors  of  price 

histories  for  vectors  x z (L  )?  of  input  histories,  and  let  u e (L  )n  , 

00  00  + 

u 21  0 , ]L(u)  i 0 , be  a reference  vector  of  output  histories,  to  which 

input  histories  are  related  for  definition  of  price  indices. 


The  contents  of  this  chapter  are  modifications  of  (Shephard,  1978),  and 
(Fare,  1978:b). 
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At  a time  T e (0,+®)  for  definition  of  the  index  of  price  level 

1 0 

comparison  for  the  two  price  history  vectors  p and  p , let 
u • [0,T]  : = (v  : v(t)  = u(t)  , t £ [0,T]  , v(t)  = 0 , t > T)  . 

Then  an  index  of  p'*'  relative  to  p^*  over  [0,T]  is  defined  for 
I^Cu.p0)  > 0 , by 

1 0 i ^p(u»P  ) 

(8.1-1)  n (p  ,p  | u)  : = r-  , T e (0,+®)  , 

l^(u,pU) 

where 

(8.1-2)  K^u.p)  : = Min  { ( p ,x > : x e ]L(u  • [0,T])}  . 

x 

An  index  function  for  comparing  p^  and  p^*  cumulatively  for  T 
ranging  over  (0,+®)  with  p°  e |p  e (1^)“  : K^u.p0)  > 0 , T e (0,4®)^  , 

is  defined  by 

* : (p1,?0)  e (1^)+  x ^Li^+  "*■  "(P^P0  I u)  E (Lj  • 

(8.1-3) 

TT(p1,p°  | u,T)  : - ^(p1,?0  | u)  , T e (0,4®)  . 

We  may  assign 

(8.1-4)  lim  tt  (p1 , p°  | u)  « , 

T-*®  K(u,pU) 

since  !L(u  • [0,T])  C ]L(u  • [0,T'])  C tt.(u)  for  all  0 < T < T'  < 4® 
and  Kj^u.p)  is  monotone  nondecreasing  in  T . Thus,  interpret  (8.1-4) 
as  an  infinite  horizon  comparison  of  p^  and  p^  . 
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Turning  now  to  the  formulation  of  an  index  function  for  comparing 
aggregate  levels  of  two  vectors  x^  e (L^)^  , x^  e (L^)"  of  input 
histories,  cumulatively,  at  time  T e (0,+°°)  , let  r e (L^)™  denote 
a reference  price  vector  to  value  outputs  derivable  from  x'*'  and  x^  . 
For  comparison  of  x'*'  and  x^  , let  r and  the  base  vector  x^  be 
chosen  so  that  H^Cx^.r)  > 0 for  T t (0,+“)  . Then  an  index  of  x''" 
relative  to  x^*  over  [0,T]  is  defined  by 

. goLcx1^)) 

(8.1-5)  I (xx,x  | r)  : = r1— r 

GdR^x  ,r)) 

where  ®^(x,r)  is  a "standardized"  value  of 

(8.1-6)  K^,(x,r)  : = Max{<r,u)  : u e lP(x  • [0,T]}  . 

u 

The  standardized  value  Rj,(x,r)  of  the  maximal  revenue  functional 
is  defined  by 

RjU.r) 

1RT(x,r)  : = Max  { ( r ,u > : u e A • [0,T] } ’ 
u 

is  some  appropriately  chosen  representative  subset  of  output 
A C (Lj”  , the  maximal  revenue  from  which  under  the  price 
history  vector  r serves  as  a "price  level  deflator."  The  function 
G(*)  is  any  nonnegative,  nondecreasing,  transformation  of  "standardized" 
maximal  revenue  over  [0,T]  , with  G(0)  = 0 and  G(v)  -*■  +®  for 


^(x.r) 

(8.1-7) 

where  A 
vectors , 


v -*■  +°»  . 
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The  "standardized"  values  of  maximal  revenue  R_(x\r)  , Rj,(x^,r) 

1 2 

are  "real"  measures  of  x and  x over  [0,T]  , but  there  is  no 
absolute  unit  for  their  values.  Hence  the  monotone  transformation 
R^  e R+  -*•  G(Rt)  e R+  is  used  to  permit  adjustment  of  the  value  ratio  so 
that  the  product  of  the  index  of  price  and  quantity  over  [0,T]  may  equal 
the  ratio  of  the  minimal  cost  of  obtaining  two  vectors  u^  and  u^*  over 
[0,T]  , when  the  input  histories  are  chosen  to  minimize  cost  over  [0,T] 
of  obtaining  u^  and  u^  . 

The  index  function  for  comparing  the  aggregate  levels  of  x"*"  and  x^ 
cumulatively  for  T ranging  over  (0,+°°)  , with  x^  and  r chosen  so 
that  R^,(x^,r)  > 0 for  T z (0,+°°)  , is  defined  by: 

1 : (x\x°)  e (Lj"  * (LJ+  + Kx^x0  | r)  e (Loo)+  , 

(8.1-8) 

Kx1^0  1 r,T)  : = IT(x1,x°  | r)  , T e (0,-H®)  . 


Similar  to  (8.1-4)  we  may  assign 


, . T , 1 0 
lim  I (x  ,x 

X-HXJ 


= G(R(x1,r)) 
G(R(x°  ,r) ) 


as  an  infinite  horizon  comparison. 
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8.2  Price  and  Quantity  Indices  for  Outputs 

Similar  to  the  formulations  of  Section  (8.1),  let  r^  e (L^)m  , 
r^  t (L  )®  , r^  ^ 0 , be  two  vectors  of  price  histories  for  vectors 
u e (L  )m  of  output  histories,  and  let  x e (L  )n  be  a reference  vector 
o'f  input  histories  from  which  outputs  are  derived. 

For  x and  r^  such  that  IR^x.r^)  > 0 for  T e (0,+°°)  , the 
index  function  for  cumulatively  comparing  r^  and  as  T ranges 

over  (0,+°°)  is  defined  by: 


p : (r^r0)  e (1^)®  * (L^)®  -*■  pCr1^0  | x)  e (Loo)+ 


(8.2-1) 


P(r1,r°  | x,T)  : = PT(r1,r°  | x)  , T e (0,4-») 


,10,  . 

PT(r  , r I x)  : = 


®T(x,r  ) 

BT(x,r°) 


In  the  case  of  an  index  function  for  output  histories,  let  u^  e (L^)® 
u°  e (Lj”  , u^  0 , IL(u^)  # 0 be  two  vectors  of  output  histories  for 
comparison  over  [0,T]  as  T ranges  over  (0,+°°)  . A reference  price 
vector  p e (L  )®  is  chosen  so  that  K^(u^,p)  > 0 for  T e (0,+“)  . 

Then  the  index  function  comparing  u^  to  u^  is 


(uV)  e (LJ®  x (Lj“  -*■  0(u1,u°  | p)  e (L<b)  + 


1 0 


(8.2-2) 


0(u1,u°  | p,T)  : = 0T(u1,u°  | p)  , T e (0,-H*>) 


0T(u1,u°  | p)  : 


F(Kt(u  ,p)) 
F(KT(u°,p)) 


in  which  the  standardized  minimal  cost  function  K^,(u,p)  is 
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K^Xu.p) 

KT(U,P)  1 = Min  {( p,x>  : x e B • [0,T] } 
x 


where  B is  some  appropriately  chosen  representative  subset  of  input 
vectors,  B C (L^)^  , over  which  the  minimal  cost  serves  as  a "price  level 
deflator"  for  the  minimal  cost  functional.  The  function  F : *1  E R+  "* 
F(Kt)  e R+  is  a nonnegative,  nondecreasing,  transformation  of  the  stand- 
ardized minimal  costs  over  [0,T]  , justified  as  in  the  case  of  comparing 
two  input  vectors,  with  F(0)  * 0 and  F(v)  -*■  +°°  for  v -*■  +«  . 

As  before  we  may  assign  < 


lim  p_(r1,r°  | x)  = R^Xn?r-  , lim  0 (u^u0  | p) 
T-*°  ®(x  ,r)  T-«° 


F(K(u1,p)) 

F(K(u°,p)) 


as  infinite  horizon  comparisons. 

In  the  case  of  a steady  state  model,  when  it  exists,  see  Section  2.6, 

„m  „n  _n  „m  , , 

one  may  treat  ueR+,xeR+,peR+,reR  , and  replace 


where 


^(u.p) 

by 

T • Q(u,p) 

KjCx.r) 

by 

T • R(x,r) 

^(u.p) 

by 

T • Q(u,p) 

lipCu.p) 

by 

T • R(u,p) 

Q(u,p)  = Min  <p  • x 

| x e R+ 

x ' 

R(x,r)  = Max  <r  • u 

ii  e R+ 

\ 

u 

x e L(u)j- 
u e P(x)| 
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and  Q(u,p)  , R(x,r)  are  price  deflated  values  of  Q(u,p)  and  R(x,r) 
Then  the  index  functions  reduce  to  indices  expressed  by 


, 1 0 , . 
tt(p  ,p  I u) 


p(r1,r°  I x)  : 


. Kx1,,0  | r)  : 

Q(u,p  ) 


R(x,r  ) ^ , 1 0 i 

, 0 (u  ,u  |p): 

R(x,r  ) 


= G(R(x  ,r) ) 
G(R(x°,r) ) 

= ^(Q(u1»P)) 
F(Q(u°,p)) 


8.3  Index  Functions  for  Homothetic  Dynamic  Production  Structures 

Consider  first  the  case  of  inversely  related  globally  homothetic 
dynamic  structure  (see  Section  5.1),  where 

F(x)  - F(#(x))*|u  e (LJ®  : ff(u)  < lj  , x e (LJ* 

IL(u)  = F_1  (ff  (u) ) • {x  e (LJ*  : #(x)  > lj  , u e (LJ®  . 


For  a bounded  interval  [0,T]  , consider  u • [0,T]  for  u e (L  ) 

CD  + 

The  minimal  cost  functional  for  u • [0,T]  becomes, 

K^u.p)  : = Min  j(  p,x>  : #(x)  > F_1(ff(u  • [0,T]))  ,x  e (Lj*  • [0,T]|  , 


and 


(8.3-1)  KJu.p)  = F-1(ff(u  • [0,T]))  • Kjp) 


where 


(8.3-2)  M^p)  : - Min  |<p,x>  : #(x)  > 1 , x e (LJ*  • [0,T]| 
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is  a minimal  cost  functional  over  [0,T]  for  input  vectors  constrained 
to  a "standard"  set  B , defined  by 

(8.3-3)  B : = I x e (LjJ  : #(x)  > lj>  . 

The  maximal  revenue  function  H^Cx.r)  for  x • [0,T]  becomes 

®T(x,r)  = Max  l<r,u>  : fif(u)  < F(#(x  • [0,T]))  , u e (L^)™  • [0,T]i 
u 

and 

(8.3-4)  ^(x.r)  = F(#(x  • [0,T] ) ) • KT(r) 

where 

(8.3-5)  UT(r)  : = Max  <j(r,u>  : ff  (u)  < 1 , u e (L^)™  • [0,T]j- 

is  a maximal  revenue  functional  over  [0,T]  for  output  vectors  con- 
strained to  a "standard"  set  A defined  by 

(8.3-6)  A : = {u  e (L  ) : ff(u)  < 1}  . 

00  = 

As  notation,  let  ffT(u)  denote  ff (u  • [0,T]))  , and  #T(x)  denote 
#(x  • [ 0 , T ] ) . Then  for  a cost  minimizing  vector  x e (L^)”  * [0,T] 
yielding  Kj,(u,p)  one  has,  (see  definition  preceding  (8.3-1)),  due 
to  the  homogeneity  of  #(x)  , that 

(8.3-7)  #T(x*)  - F-1(ffT(u))  . 

it  jjj 

Similarly,  the  revenue  maximizing  vector  u e (L<jo)+  • [0,T]  yielding 
Hj,(x,r)  satisfies 
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(8.3-8) 


ffT(u  ) = F(#t(x)) 


Accordingly  the  index  functions  of  Sections  (8.1)  and  (8.2)  take 
simplified  forms.  First,  using  (8.3-1), 


(8.3-9) 


, 1 0 | . 
irT(p  ,p  | u) 


*Vpl) 

^(p0) 


, T e (0,-f ) 


independently  of  the  reference  vector  u . The  index  comparing  x1 


to  x over  [0,T]  becomes 


-11  *T^X  »r) 


(8.3-10)  I? (x1 , x°  | r) 


WT(r) 


_i/Rt(x  ,r) 
KT(r) 


#T(xX) 

#T(x°) 


, T e (0,+°°) 


using  (8.3-4),  independent  of  the  reference  vector  r . From  (8.3-4) 


(8.3-11) 


1 0 KT(rL) 

p (r  ,r  [ x)  - — , T e (0,-H») 

*T(r°) 


and  the  index  is  independent  of  the  reference  vector  x . 

For  the  last  index  comparing  u1  and  u^  , use  (8.3-1)  to  find 


(8.3-12)  0T(u1,u°  | p) 


K^u.p) 

M^P) 

fKT(u°,p)1 

H^p) 


ffT(uX) 

ffT(u°) 


, T e (0,+~) 


and  again  the  index  is  independent  of  the  reference  vector  p . 


r 
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In  (8.3-9)  and  (8.3-11)  Hp(p)  and  Kj,(r)  , respectively,  serve  as 
aggregate  measures  of  price  levels  for  "price  deflation"  at  the  time 
T e (0,+®)  . 

For  a steady  state  model  the  four  index  functions  reduce  to  index 
numbers 


, 1 0, 

MP  ,P  ) 


T / 1 0, 

I(x  ,x  ) 


M(pL) 

M(p°) 

^(x1) 

<Kx°) 


, 1 o, 

p(r  ,r  ) 


N(rX) 

N(r°) 


0(u1,u°) 


f(uX) 

f(u°) 


. 1 0 1 0 Dn 

where  x , x , p , p e R+  , u 

f(’)  are  real  valued  functions 


0 m 
u e R+ 


0 „m  , . . 
r e R , d>  ( • ) and 


: x E R+  -*■  $(x)  e R+ 
f : u c r”  -*■  f (u)  e R+  , 


and 


M(p)  = Min  i p • x | |(x)  > 1 , x e r"| 
x ' “ ’ 

N(r)  * Max  |r  • u | f(u)  <1  , u e R*|  . 


It  is  of  some  interest  whether  the  index  functions  satisfy  at  each  time 
T e (0,+®)  the  usual  "Tests"  or  properties  required  of  such  indices.  The 
most  important  of  these  "Tests"  is,  for  the  theory  of  production,  that 


L 
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(8.3-13) 


Kj.Cu1,?1) 


' , 1 0 i , .,,  1.*  , 0.*  , . 

0 — o~  = ,p  I u>  " J((x  ) «(x  ) I r) 


K^u  ,p  ) 


i.e.,  the  ratio  of  the  minimal  cost  over  [0,T]  of  obtaining  u at 
price  histories  p1  for  factors  to  the  minimal  cost  over  [0,T]  of 
obtaining  at  price  histories  p^  for  factors,  must  equal  the 

product  of  the  price  index  function  value  at  T for  factor  prices  and 

the  quantity  index  function  value  at  T for  inputs  evaluated  for  cost 

1 * 0 * 1 0 
minimizing  input  histories  (x  ) , (x  ) to  obtain  u and  u 

respectively.  For  the  inversely  related  globally  homothetic  production 

structures , 


Kj.tu1,?1)  F_1  (ff T (u1) ) • KjCp1) 
K^u0,?0)  F-1(ffT(u°))  • HpCp0) 


Using  (8.3-7)  and  (8.3-8) 


K^u1,?1) 

KjXu0,?0) 


MT(P1>  #T((xV) 

Q~  ’ o * 

Hj.(pU)  #T((xU)  ) 


^(p1,?0  | u)  • IT(  (x1)*,  (x°)*  I r))  , 


and  the  "test"  is  satisfied.  Ordinarily,  in  the  static  theory  of  index 
numbers,  Equation  (8.3-12)  is  required  for  any  value  ratios,  i.e.. 


(u1  , p1)  ,10.  .,10. 

— 0 q - *(p  ,P  ) • I(x  ,x  ) , 

< u , p > 


but  our  interest  here  is  in  cost  minimal  ratios  and  for  such  ratios  cost 
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minimizing  values  must  be  used  for  x and  x . Another  way  of  putting 
the  matter  is  that  the  "test"  is  required  to  hold  only  for  comparing 
minimal  costs  over  intervals  [0,T]  , T e (0,+°°)  , that  is  for  output 
history  vectors  u^  , u^  and  two  factor  price  history  vectors  p1  , , 

the  test  is  applied  only  for  "realizable  cost  minimal  factor  demand" 
histories. 

Similarly,  one  may  verify  that 

®T(X  ,r)  , 1 0 i „ , 1 0 i „ 

q — 0 = pT(r  ,r  | x)  • 0T(u  , u | p) 

Rp(x  ,r  ) 

^(r1)  ffT((u1)*) 

0~”  " n * 

WT(rU)  ffT((u  ) ) 

are  respectively  revenue  maximizing  output  histories 
^(x^r0  ) respectively. 

Another  property  for  the  values  of  the  index  functions  which 
ordinarily  would  be  required  is  linear  homogeneity,  i.e.,  for  example 

^(Ap1,?0  I «)  “ ^(P1,?0  I u)  • 

The  general  definitions  (8.1-1)  and  (8.2-1)  have  this  property  while 
(8.1-5)  and  (8.2-2)  do  not.  However,  for  inversely  related  globally 
homothetic  production  structures,  all  four  index  functions  have  the  linear 
homogeneity  property  for  each  T e (0,+°°)  . 

The  time  reversal  and  transitive  "tests"  are  satisfied  in  the 
general  definition  by  all  four  index  functions  at  any  time  T c (0,+®)  , i.e. 
by  (8.1-1),  (8.1-5),  (8.2-1)  and  (8.2-2).  For  example,  regarding  (8.1-1) 


1 * 0 * 
where  (u  ) , (u  ) 

for  R^x^r1)  and 
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,10,  , ,01,  , ^(u.P  ) ^(u.p  ) 

*X(P  »P  | u)  * IT  (p  ,p  | u)  = jC~  • — = 1 , 

l^Cu.p  ) K^u.p  ) 

,21,,  ,10:,  *T(u*p2)  ^(u.p1)  ^(u.p2) 

1TT(p  , p | U)  • TT  (p  ,P  | U)  = — * — = — . 

JCj^u.p  ) KpCu.p  ) K^u.p  ) 

A dimensional  change  in  the  unit  of  money  or  in  the  unit  of  any 

physical  quantity  does  not  affect  the  values  of  the  four  indices  as 
defined  by  (8.3-8),  (8.3-9),  (8.3-10)  and  (8.3-11)  for  inversely  related 
globally  homothetic  structures. 

If  the  specialization  of  inversely  related  globally  homothetic 
structures  is  relaxed  to  one  of  merely  both  input  and  output  structures 
being  homothetic,  i.e., 


F(x)  = F(H(x))|u  e 

(L Jl  : 

ff(u)  < l| 

. x £ (lj; 

]L(u)  * G(JJ(u))|x  e 

00  + 

#(x)  > l| 

, U « (L X 

then  the  minimal  cost  and  maximal  revenue  functionals  become 
(8.3-14)  KjXu.p)  = G(JIt(u))  • Hj^p) 

and 

(8-3-15)  Hj.(x,r)  - F(Ht(x))  • UT(r) 

with 

#T(x*)  = G(JJt(u)) 
ffT(u  ) = 


(8.3-16) 


F(Ht(x))  . 


Then 


(8.3-17) 


(8.3-18) 


(8.3-19) 


(8.3-20) 


, 1 0 | . 

*T(P  ,P  I u) 


wx(pL) 

^(p0) 


IT(x1,x°  I r)  = 


^(x1) 

^(x0) 


,10,  , 

PT(r  ,r  | x) 


»T(rX) 

lNT(r0) 


0T(u1,u°  | p) 


^(u1) 

JJT(u°) 


where 


(8.3-21) 


Kt(x)  : = H(x  • [ 0 ,T] ) 
JIT(u)  : = JJ(u  • [0,T] ) . 


The  index  functions  so  constructed  will  not  satisfy  the  test  (8.3-13), 
and  the  quantity  index  functions  (8.3-18),  (8.3-20)  are  not  homogeneous 
in  x^  and  u1  respectively.  Because  of  these  difficulties  a different 
approach  may  be  used  for  the  case  where  both  x -*■  P(x)  and  the  inverse 
correspondence  u -*•  IL(u)  are  homothetic  but  may  or  may  not  be  inversely 
related  in  homotheticity . 

Recall  from  the  weak  duality  Proposition  (7.1-2)  that  for  u -*•  ]L(u) 


under  weak  axioms 
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K(u,p)  = Mia  <|<p,x)  : Y(u,x)  > 1 , x e (LJ^| 

Y(u,x)  < Inf  j(p,x>  : K(u,p)  > 1 , p e (1^)"/  > 

P 

with  the  equality  sign  holding  for  the  second  expression  when  the  corre- 
spondence u -*■  ]L(u)  has  convex  map  sets  IL(u)  , axiom  1L.3SS  applies 

k 

and  a weak  topology  for  u -*•  ]L(u)  is  used.  Because  of  the  possibility 
of  a duality  gap,  consider 


(8.3-22)  fT(u,x)  :=  Inf  |<p,x>  : K(u,p)  > 1 , p e (1^)“  • [0,T]l  . 

Then,  by  symmetry  with  the  definition  (8.1-1),  (8.1-3)  for  comparing  two 
vectors  of  factor  price  histories,  one  may  define  alternatively,  for 
two  vectors  of  factor  input  rate  histories,  that 


I 


(8.3-23) 


(x1 , x°)  e (Lj"  x (LJ  + -*■  Kx^x0  | u)  e (La>)+  , 

1 0 fT(u,x1) 

I (x  , x I u,T)  : = 3 JT-  , T e (0,-H»)  . 

jfT(u,x  ) 


Similarly,  in  using  the  weak  duality  Proposition  (7.2.1),  where 

(8.3-24)  ft(x,u)  < Sup  i(r,u>  : ®(x,r)  < 1 , r e (L  )m  • [ 0 , 1 ] V * : ft(x,u)  , 

r * * ' 

an  index  function  for  comparing  two  vectors  of  output  rate  histories  may 
be  defined  by 
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(8.3-25) 


(u^.u0)  E (L  * (L  )™  0(u\u^  I x)  E (L  ) 

00  “r  00  “T  OO  -f- 


1 0 1 aT(x,u  ) 

0(u  ,u  | x,T)  : = pp  , T e (0,+®)  . 

nT(x,u  ) 


In  the  case  of  inversely  related  homothetic  correspondences  treated 


previously 


a #T<x)  . ffT(u) 

(8.3-26)  l (u,x)  = — p^ , aT(x,u)  “ F-r^-  7y,  , , 

T F (u))  T F(#  (x)) 


where 


(8.3-27) 


#T(x)  - Inf  -j<p,x>  : M^p)  > 1 , p e (1^)”  • [0,T]| 
ffT(u)  * Sup  |<r,u>  : WT(r)  < 1 , r e (L1)m  • [0,T]|  , 


(8.3-28) 


. , 1 0 , . »T<xl) 

I_(x  ,x  I u)  = pp 

#T(xU) 


(8.3-29) 


„ , 1 0 | , “i'"1) 

0 (u  ,u  | x)  - pp 

ffT(uU) 


It  is  of  interest  to  compare  #T(x)  with  #T(x)  and  ffT(u) 
with  ff^(u)  . Recall  from  (8.3-2)  that  for  the  fixed  set 


V»  ’ 1 (L-’" : *(%)  i l} 
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the  weak  duality  theorem  implies  for 

l^Cp)  = Min  j(  p ,x  > : #(x)  > 1 , x e (Lj^  • [0,T]l 

that 

#T(x)  < Inf  | < p,x>  : ^(p)  > 1 , p e (L^J  • [0,T]  } « # (x)  . 

P 

If  the  duality  gap  is  positive,  the  definitions  (8.3-23)  and  (8.3-25) 

* 

will  not  satisfy  the  test  (8.3-13).  However,  if  the  weak  topology  is 
used  for  (L^)”  and  the  correspondence  u -*■  IL(u)  , has  convex  map  sets 
and  satisfies  the  strong  axiom  1L.3SS  of  free  disposal  of  inputs,  the  test 
is  satisfied  and  the  index  function  for  comparing  two  vectors  of  input 
rate  histories  is  exactly  (8.3-10)  obtained  earlier  without  the  stronger 
assumptions  on  the  correspondence  u -*■  ]L(u)  . Similarly,  under  these 
strong  conditions,  ®T(u)  * ffT(u)  and  the  alternative  definition  becomes 
exactly  (8.3-12)  obtained  earlier  without  the  stronger  assumptions. 

Nothing  seems  to  have  been  gained  here. 

On  the  other  hand,  if  the  comparison  of  minimal  cost  (and  maximal 
revenue)  with  product  of  price  index  and  quantity  index  is  restricted  to 
cases  where  output  (input)  varies  only  by  a scale  factor,  the  alternative 
definition  can  serve  to  extend  the  basis  for  defining  index  functions. 

For  this  purpose  the  parent  correspondences  are  assumed  to  be  only  ray 
homothetic  (see  (5.3-1),  (5.3-2)),  i.e.. 
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IL(u) 


P(x) 


G(JJ (u) ) 

g(j’(ttStt)) 

F(H(x)  ) 

rHiw)) 


which  also  covers  the  case  where  the  correspondences  are  globally 
homothetic,  but  not  inversely  related  in  homo the ticity.  The  minimal 
cost,  maximal  revenue  and  distance  functionals  then  take  the  forms 


(8.3-30) 


(8.3-31) 


^(u.p) 

G(JIt(u)) 

TTr  / ^ _ \ 

g(j’t(tT“T|) 

\ Mtrt ,p) 

HpU.r) 

F(Ht(x)) 

ml  ^ - \ 

f("t(tw) 

g(jj_  ( I | U | | ^ 

y MtrT’) 

) / V 

^T(u,x) 

\ T VI  ul I / 

/ . 5 /,  . ..4  , \ 

G(JJt(u)) 

-t\TRT  ’x) 

^T(x,u) 

r(”T  (-("I 

/ - p / X \ 

F(Ht(x)) 

MTFTT  •“)  • 

Replace  ?^,(u,x)  in  (8.2-23)  and  Q^(x,u)  in  (8.2-25)  by  'F(u,x) 

and  nT(x,u)  respectively  for  the  alternative  definition  of  the  quantity 

index  functions.  Then  in  the  case  of  ray  homothetic  correspondences 


(8.3-32) 


I : <x\x°)  e (Lj“  x (Lj“  - Kx^x0  | u)  e (LJ+ 


i o ^t(tT7TT  »x1) 

I (x^  X^  I u)  = - — U I I L 

T 1 S / u 0\  * 

-t(TT^TT  ■ ) 


T e (0,+-) 
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0 : (u^u0)  £ (L^)”  x (L^)™  + OCu1^0  | x)  e (Lco)_ 


(8.3-33) 


„ , 1 0 , , T\  x ’ 

°T(u  ,u  I x)  = /MX1' 

MTRTT  ■ 


(trt  -1) 
(twt  •u°) 


, T £ (0,4-)  . 


All  tests  except  (8.3-13)  are  evidently  satisfied  by  (8.3-32)  and 
(8.3-33).  For  the  exceptional  one,  let  (u\p^)  and  (u^,p^)  be  two 
output-factor  price  vectors  for  comparison  of  minimal  costs.  Then 


'i  v*-')  S(Jt(  !,>|  ,))  MllJn  ') 

‘HA)) 4s? -T 


and  using  (8.3-30), 


(8.3-34) 


K^u1,?1) 

K^u0,?0) 


(— s i 

M 1 U1 1 


■pl).jfe’faV) 
■p0)  ’teV) 


1*  0*  11  00 
where  (x  ) and  (x  ) respectively  yield  K^,(u  ,p  ) and  K^,(u  ,p  ) , 

-11*  - o 0* 

for  which  ^(u  , (x  ) ) = V (u  , (x  ) ) =1  . Now,  if  one  compares  minimal 
costs  for  vectors  of  output  histories  along  the  same  ray  in  (L^)™  , 
i.e.,  if  u1  « 9u°  , 9 e (0,4—)  , then  clearly  (8.3-13)  is  satisfied. 

Thus,  under  the  weakest  assumptions,  i.e.,  ray  homotheticity  of 
input  and  output  structure  and  not  assuming  convexity  of  map  sets  or  free 
disposability  of  inputs  and  outputs,  the  definition  of  quantity  index 
functions  by  ratios  of  distance  functionals  weakly  dual  to  the  minimal 
cost  and  maximal  revenue  functionals,  satisfies  the  test  (8.3-13), 


sometimes  called  Factor  Reversal  Test,  if  the  reference  vectors  have 


the  same  mix  of  input  (or  output)  histories. 

8.4  Macroeconomic  Relationships 

For  this  discussion  we  shall  assume  initially  that  t'.e  inversely 
related  dynamic  production  correspondences  are  inversely  related  globally 
homothetic . 


Let  Kp 

respectively. 

and 

From 

Up  denote  the  values  of  Kp(u,p)  and  ®p(x,r) 

(8.3-1)  and  (8.3-4) 

(8.4-1) 

*T 

- F1(ffT(u))  • Kplp)  , T £ [0,+~) 

(8.4-2) 

*T 

= F(#T(x))  • KT(r)  , T e [0,4-)  . 

As  discussed  above,  Wp(p)  and  ]Np(r)  are  price  level  functionals, 
T e (0,+»)  . Denote  the  values  of  those  two  "price  levels"  by  Hp 
and  INp  respectively.  From  (8.3-7)  and  (8.3-8),  it  follows  that 

(8.4-3) 

Kp  = #*  • Mp  , T e [0,+-) 

(8.4-4) 

Up  = ff*  • Up  , T e [0,4-) 

where  #T 

and  ff_ 

T 

are  the  values 

of  the  functionals 

#T(x) 

and  ffp(u) 

* 

for  x 

yielding  Kp 

* 

and  u yielding 

Up  . Now  as 

shown  by  the  previous  formulations  of  index  functions,  #p(x)  and 
ffT(u)  are  index  functions  of  input  level  and  output  level  respectively 
(see  (8.3-10)  and  (8.3-12)).  Thus  (8.4-3)  and  (8.4-4)  are  valid  macro- 
economic  statements:  that  minimal  cost  and  maximal  revenue  over  [0,T] 
are  the  product  of  optimal  factor  (output)  level  and  factor  (output) 
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price  level  over  [0,T]  yielding  the  minimal  (maximal)  value. 

With  the  same  definition  of  macroeconomic  variables,  (8.4-1)  and 
(8.4-2)  yield 


(8.4-5) 


T e [ 0,4—) 


(8.4-6)  #T  = F*1^)  . T e [0,4-)  . 

The  macroeconomic  statement  of  (8.4-5)  is  that  the  "level"  of  output 
histories  over  [0,T]  is  a function  F of  the  factor  price  level 
deflated  minimal  cost  available  over  [0,T]  to  support  the  output 
level,  i.e.,  it  is  a macroeconomic  indirect  production  function  in 
real  terms.  Similarly,  (8.4-6)  states  that  the  "level"  of  input  histories 
over  [ 0 , T ] required  to  attain  a price  deflated  revenue  over  [0,T]  is 
a function  F ^ of  this  real  revenue. 

From  (8.3-7)  and  (8.3-8)  one  obtains  the  following  two  macroeconomic 
production  functions 

(8.4-7)  ff*  - F(#T)  , T e [0,4-) 

(8.4-8)  #*  = F-1(ffT)  , T e [0,4-)  . 

Equation  (8.4-7)  states  that  the  level  of  revenue  maximizing  output 
histories  over  [0,T]  is  a function  of  the  level  of  input  histories 
available  over  [ 0 , T ] . Inversely,  (8.4-8)  states  that  the  level  of 
minimal  cost  input  histories  over  [ 0 , T ] to  attain  a given  level  ff  of 
output  histories  over  [0,T]  is  a function  F ^ of  the  latter. 
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If  the  system  is  operated  at  minimal  cost  and  maximal  revenue, 
the  macroeconomic  production  functions  (8.4-5),  (8.4-7)  and  (8.4-6), 
(8.4-7)  may  be  combined  to  obtain 


i.e.,  over  [0,T]  real  maximal  revenue  is  a function  F of  real  minimal 
cost,  an  interesting  relationship  for  estimating  the  function  F which 
plays  the  role  of  defining  returns  to  scale  in  macroeconomic  terms. 

Of  course  we  have  assumed : 

(a)  Inversely  related  globally  homothetic  production  correspondences 

(b)  Operation  simultaneously  at  minimal  cost  and  maximal  revenue. 

Also  the  definitions  of  the  function  MT  , W , , T e [0,-H=°) 

and  the  relationships  between  them  must  be  observed  in  calculating  the 
prive  level  deflators  MT  and  WT  , T e [0,+*)  . 
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CHAPTER  9 

INDIRECT  DYNAMIC  PRODUCTION  CORRESPONDENCES7 

In  the  preceding  chapters  production  structure  has  been  defined 
in  purely  physical  terms  by  correspondences  relating  vectors  of  input 
rate  histories  to  subsets  of  vectors  of  output  rate  histories  obtainable 
thereby,  or  inversely  by  relating  vectors  of  output  rate  histories  to 
subsets  of  vectors  of  input  rate  histories  yielding  at  least  these  output 
rate  histories.  However,  indirectly  for  some  production  decisions, 
particularly  those  involving  a comparison  of  cost  and  return  to  be  ob- 
tained from  production  (as  in  cost-benefit  analysis),  one  would  like 
to  relate  cost  to  subsets  of  output  histories  obtainable  with  this 
monetary  resource,  or  to  relate  return  to  subsets  of  input  rate  histories 
yielding  at  least  that  return.  Here,  vectors  of  factor  price  histories 
in  the  first  case,  and  vectors  of  output  price  histories  are  involved 
in  defining  the  correspondences. 

9.1  Cost-Indirect  Output  Correspondence 

Consider  a vector  p e (L^)^  of  factor  price  histories.  For  any 
vector  u e (Lm)”  of  output  rate  histories,  the  minimal  cost  of  obtaining 
u under  the  price  structure  p is  defined  in  terms  of  the  input 
correspondence  u -*>  ]L(u)  by  the  cost  functional  K(u,p)  . Let  c 
be  any  positive  monetary  value.  The  Cost  Indirect  Output  Correspondence 
is  a mapping 


The  contents  of  this  chapter  are  a revision  of  Shephard  (1977)  and 
extension  of  Shephard  (1974a) . 
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(9.1-1) 


where 


(!)*  «i>:*  t(?)'2<L">+ 


(9.1-2)  r(c)  : “ {u  e aj;  : K(u>p)  < 


is  the  set  of  vectors  of  output  rate  histories  obtainable  at  total  cost 


not  exceeding  c , under  the  price  structure  p . Equivalently 
may  be  defined  by 

(9.1-3)  : = <Ju  P(x)  : x e (L , <p,x>  < c}  . 


• r(=) 


To  see  this  note: 


(a)  If 


u e , there  exists  x e (L^)”  such  that  K(u,p) 


(p,x  ) < c , implying  that  u e U IP(x)  for  (p,x>  < c . 

(b)  Conversely,  if  u e u P(x)  for  <p,x)  < c , then  for  some 

x°  e (L^)^  : K(u,p)  < ( p,x°>  < c and  u e <J  u e (L^)”  :K(u,p)  < c| 


The  definition  of  the  Cost  Indirect  Output  Correspondence  expressed 
by  (9.1-2)  does  not  guarantee  that  the  set  !T(p/c)  is  compact  or  even 
bounded.  There  are  several  possibilities  for  r(p/c)  to  be  compact. 
First,  as  a practical  matter  one  would  not  expect  that  input  rate  histories 
unbounded  in  the  Ess  Sup  norm  to  be  of  interest.  Hence,  without  serious 
loss  of  generality,  the  allowable  vectors  x c (L^)"  may  be  restricted 
to  a subset  7 c (L  )?  defined  by 

(9.1-4)  7 : = jx  e (Lj"  : | |xj  | < At  , Ai  » 0 , i c {1,2 n}|  . 
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Then  P(^|  C U P(x)  , since 
xe7 

(x  e V : < p,x>  < c}  C 7 . 

Now  U P(x)  is  bounded,  because  if  there  exists  an  infinite  sequence 
xeV 

{ua}  C U P(x)  of  output  vectors  with  {||ua||}  "*■  +°°  , there  exists 
xe7 

corresponding  to  {ua}  an  infinite  sequence  {xa}  with  ua  e P(xa)  such 

that  {||xa||}  -*■  +«  , contradicting  (9.1-4).  Alternatively,  if  Property 

P.3SS  holds  and  x e 7 , then  x <_  y where  y * Sup  | |x.  | | . Since  | |y|  | 

1 7 1 

is  bounded  and  P(x)  C P(y)  for  x e 7 , it  follows  that  U P(x)  is 

xe7 

★ 

bounded.  Accordingly,  under  a weak  topology  for  output  vectors, 

t(*  | 7^  » -ju  e U P(x)  : x e 7 , <p,x>  < c| 

is  relatively  compact.  Further  if  Property  P.5  is  taken  as  holding  under 
the  weak  topology,  | 7^  is  compact. 

On  the  other  hand,  if  price  vectors  for  inputs  are  such  that  p >>>  0 , 
i.e.,  price  histories  are  strictly  positive  except  on  subsets  of  [0,+°°) 
of  measure  zero,  the  set 

Sc  : - jx  e (Lj"  : < p,x>  < c| 

of  admissable  input  vectors  x is  bounded.  Then  boundedness  and  compact- 
ness of  P(p/c)  follow  as  described  when  vectors  of  input  rate  histories 
were  restricted  to  7 . 

For  either  of  the  two  cases  described  above,  i.e.,  x e 7 or 

* 

p >>>  0 , the  set  Sc  is  relatively  compact  under  a weak  topology  for 
vectors  x of  input  rate  histories.  Then  if  Property  P.2S  is  applied 
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with  P.5  and  P.5+  (see  Section  2.1)  \c/  i-s  comPact>  because  the 

following  proposition  may  be  applied. 


Proposition  (9.1-1): 

n 

Property  P.5+  holds  for  the  correspondence  x e (Loo)+  -*-P(x)  e 2 
with  P.2S  and  P.5  holding  (i.e.,  x ■+■  P(x)  is  compact  valued),  iff 
U P(x)  is  compact  when  Y is  a compact  subset  of  (L^)”  • 

Proposition  (9.1-1)  is  a paraphrasing  of  the  characterization  of 

upper  semi-continuity  by  sequences.  See  Hildenbrand  (1974).  Thus  with 

the  stronger  properties  P.5+  and  P.2S  with  P.5  under  the  norm  topology 

for  vectors  of  output  histories,  compact  cost  indirect  outputs  sets  P 

* 

may  be  obtained  under  a weak  topology  for  vectors  of  input  rate  histories 
when  x is  restricted  to  V or  p >>>  0 . 

Not  all  price  histories  p^  need  be  strictly  positive  for  bounded 
P(p/c)  , if  there  exists  an  essential  proper  subset  of  factors  which  is 
strong  limitational.  Strictly  positive  price  histories  for  such  factors 
implies  that  the  input  rate  histories  of  these  factors  are  bounded,  and 
then  it  follows  that  P(x)  is  bounded  for  any  x e Sc  , (see  Section  3.3) 
even  though  Sc  is  not  a bounded  subset  of  CL*,)”  • 

For  easy  reference  the  properties  of  the  cost-indirect  output 
correspondence  are  stated  in  the  following  proposition. 


[ e\ 

\ c / 


Proposition  (9.1-2): 


The  properties  of  the  cost-indirect  output  correspondence 

. m 


(!)  * * r(!) 


(L,)* 

e 2 are: 
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F.l  r(0)  = (L and  0 e for  all  p e (1^)“  , c > 0 . 

F(0  | A)  = U ff  (x)  , where  A is  V or  S 
xeA  c 

r.2  is  bounded  if  (a)  p e (L,)^  , c > 0 , x e (L  )%  V , or 

yc  i i + °°  + 

(b)  p >»  0 , or  (c)  price  histories  are  strictly  positive 
fora  strongly  limitational  subset  of  factors. 

T.2S  r^-j  is  totally  bounded  (relatively  compact)  if: 

* 

(i)  (a),  (b)  or  (c)  of  Property  F.2  apply  with  a weak 
topology  for  vectors  u of  output  rate  histories,  or 

(ii)  the  norm  topology  is  used  for  output  vectors  and  a 
* 

weak  topology  is  used  for  input  vectors  with  IP.2S,  and 
1P.5  with  IP. 5+  is  invoked  for  the  parent  correspondence 


x -*■  (x)  . 

T.3 

r((!)') 3 

*((t))  - (i 

■)’  - (o)  • 

T.4 

If  IL(u) 

0 , p e (1^)“  , 

c > 0 , there  exists  a positive 

scalar  0 

such  that  u £ 

*(*  t)  • 

T . 5 

If  K(u,p) 

is  lower  semi- 

continuous  in  u e (L^)™  , 

is  closed. 

T.6 

If  u s ir(j 

• (9u)  e 

•j  for  0 e [0,1]  . 

r.6s 

If  U E 

c)  ’ <9iV92u2’ 

••••  Vm>  6 r(t)  for  61  £ I0>11 

i e {1,2,  . 

• • t in  } • 

F.6SS 

If  u e 

: ° < v < u)  c r(f)  • 

Certain  similarities  may  be  observed  between  the  map  sets  ^yc/ 
of  the  cost-indirect  output  correspondence  and  the  map  sets  lP(x)  of 
the  parent  dynamic  production  correspondence.  The  null  vector  of  output 
rate  histories  belongs  to  both,  and  the  disposable  structure  of  the  ouput 


44 


set  F^j  parallels  that  of  P(x)  . The  boundedness  and  relative 
compactness  of  f|^-|  are  similar  to  that  of  P(x)  , with  some 
complication.  F is  monotone  nonincreasing  in  while  P(x) 

has  a comparable  nondecreasing  relation  to  x only  if  Property  P.3SS 
holds.  Every  feasible  vector  u of  output  rate  histories,  i.e., 

IL(u)  ^ 0 , may  be  attained  in  a set  F by  sufficiently  small 

positive  scalar  0^  , but  no  comparable  global  property  holds  for  the 
parent  correspondence  x -+■  P(x)  . 

9.2  Return-Indirect  Input  Correspondence 

Consider  a vector  r e (L^)m  of  output  price  histories.  For  any 
vector  x e (L^)”  of  input  rate  histories,  the  maximal  revenue  obtain- 
able under  the  price  structure  r is  defined  in  terms  of  the  output 
correspondence  x -*■  P(x)  by  the  return  functional  P(x,r)  . Let 
R > 0 be  any  positive  value.  The  return-indirect  input  correspondence 
is  defined  by 

j e (L1)m  -*■  E e 2 + , R e (0,-H*>) 

^(r)  : * {x  £ (LJ+  : ®(x’r)  ^ R[  ’ 

is  the  set  of  vectors  of  input  rate  histories  yielding 
at  least  the  total  return  R under  the  price  structure  r . An  equivalent 
definition  of  is 

(9.2-3)  H : - <ju  F(u)  : u e (LjJ  . <.,u;  > rJ-  . 


(9.2-1) 


(9.2-2) 


where 


"(f) 


Verification  of  (9.2-3)  is  analogous  to  that  made  for  (9.1-2). 


is  empty  for  r < 0 , and 


(t) 

00  / r \ 

Mr) 

a=l  \ a / 

for  P(x)  ^ {0}  . Assume  x e , a = 1,2, 


Clearly  E 
Consider 


0 * =(t)  ■ 


r > 0 . 


— \ , for  {R  } -*■  °°  , where  ®(x,r)  > 0 


Since 


R^  ■>  °°  and  x e TL(u  ) for  (r,u  > > R^  by  (9.2-3),  it  follows  that 
00 

x e n !L(u  ) for  {||ua||}  -*■  +®  , contradicting  Property  ]L.2. 
o-l 


Thus 


n n/^-\  is  empty  for  r e (L^)  + such  that  K(x,r)  > 0 
a-1  \ a/ 


for  3>(x)  ^ {0}  , and  {R^}  +"  • 

Concerning  disposability  of  input  histories  for  vectors  x e 


‘(f) 


"(f) 


implies  ]R(x,r)  > R 


(Xx)  e for  ^ e [If"1-®)  because  x e Hj 

and  ]R(Ax,r)  > R for  X e [1,+®)  by  Property  1R.8  for  the  return 
functional  when  outputs  are  weakly  disposable  (see  Proposition  (6.2-1)). 
In  case  Property  P.6S  or  Property  P.6SS  applies  for  the  parent 

for 

for  x'  > x . 


correspondence  x -*■  P(x)  , (AjX^.A^,  ...,  A^^)  e 


A e [1,+®)  , i e (1,2,  ...,  n}  or  x'  e E(f-) 
i \ R / — 

Next  suppose  x e (L^)"  such  that  P(x)  t {0}  and  r e (L^)m 


such  that  P(x,r)  > 0 . Then  due  to  Property  1R.3  for  the  return 
functional,  there  exists  a positive  scalar  A such  that  for  H > 0 , 
]R(x, Ar)  > R,  i.e.,  x e H^A  ^ ) . 

If  the  return  functional  ]R(x,r)  is  upper  semi-continuous  in 
x e (L^)”  , is  closed. 


Finally,  the  correspondence 


increasing  in 


l—\ 

\R  / 


/r  \ 

\k) 


* Ml) 


is  strongly  monotone 


due  to  Property  1R.5  for  the  functional  ]R(x,r)  . 


The  following  proposition  summarizes  these  facts. 
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Proposition  (9.2-1): 

The  properties  of  the  return- indirect  production  correspondence 

(f),<L1)m-  n(f)t2a*,+ 

n.i  ^(r)  emPty  f°r  r = ® and  o i ■ 

H.2  O is  empty  for  r e (L^)  + such  that  ]R(x,r)  > 0 

a=l  \ a / 


for  ff(x)  ^ {0}  .when  R^  -►+<*>  . 


E.3  If  x e 


E.3S  If  x e 


Tl(^J  , (Xx)  e for  X e [l,+»)  . 

11  (r)  * <XiXrX2X2’  •••’  XnXn}  £ 11  (f)  for 


X e [!,+«)  , i e (1,2,  ....  n}  . 


E.3SS  If  x e , x'  e Il|^-j  ^or  x'  = x • 

H.4  For  x e (L  with  IP(x)  ^ {0}  , and  r e (L.  )m 

CO  T-  1 

with  E(x,r)  > 0 , there  exists  a positive  scalar  X 


such  that 


_ /X  r \ 

x e “(t) • 


1.5  If  the  return  functional  ]R(x,r)  is  upper  semi-continuous 


is  closed. 


/f  \ 

in  x , HI  — J is  closed. 

((!)')  = -(I)  ««  (I)'  s ft)  • 


Here  too  one  observes  similarities  between  the  indirect  and  direct 


production  correspondence.  For  r < 


0 • “(t) 


is  empty,  whereas 


of  vectors  of  input 


1L (0)  = (L^)"  , and  similar  to  the  property  for  the  correspondence  u -*■  IL(u)  , 
the  null  vector  does  not  belong  to  the  set  vectors  of  input 

histories  when  it  is  nonempty.  For  {R^}  ■+■  +°°  , the  intersection  of 
the  sets  n/^-\  is  empty,  like  Property  1L.2.  The  disposal  properties 


H.3,  E.3S,  II.3SS  are  the  same  as  those  for  the  map  sets  3L(u)  , but 
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Property  U.6  takes  the  strong  form  in  all  cases  with  inclusion  property 
which  is  the  reverse  of  that  for  the  parent  correspondence  u -*•  IL(u)  . 


9.3  Cost-Benefit  Analysis  Under  Global  Prices 


The  result  of  expending  a positive  total  cost  c is  a set 
,m 


T(c) 


(Loo)+  of  alternative  vectors  of  output  rate  histories  which  may  be  obtained 
under  the  price  structure  p e (L^)”  • Consider  the  case  where  a vector 
r e (L^)m  of  price  histories  for  outputs  may  be  applied  globally  to  evaluate 
the  vectors  of  output  histories  of  the  set  TT^-j  * benefit  expressed  in 

these  terms,  one  may  relate  to  each  positive  cost  rate  c the  functional 

(9.3-1) 


B(c^  ,r)  : = Sup  j<r,u>  : u e r(c)j 


as  the  corresponding  maximal  benefit  which  may  be  obtained  at  total  cost 
not  exceeding  c with  price  history  structure  p . 

Under  the  assumption  that  global  price  histories  r apply,  the 
functional  B^-  , rj  establishes  a cardinal  relationship  between  total 


cost  c and  supremal  return  obtainable  from  c , in  the  sense  that 
measures  the  amount  of  return. 

Clearly  b|^  ,rj  is  zero  if  r < 0 . On  the  other  hand,  if  r > 0 
and  p = 0 , ,rj  is  +®  , and  B^  ,rj  > 0 for  all  p e (L.^)  + , 

r e (L^)m  . When  p >>>  0 or  p^  > 0 for  i £ {v^^,  •••»  > 

where  •••»  is  a strongly  limitational  essential  subset  of 


*(t , r) 


*(t  •') 


.m 


< +“  . Otherwise,  in  r e (L^)  , the 


the  factors,  B| 

functional  b|^  >rj  has  the  same  properties  as  the  return  functional 
B(x,r)  . Due  to  the  strong  property  F.3,  B^  ,rj  is  nonincreasing 
in  e (L^)^  , whereas  ]R(x,r)  may  take  one  or  other  of  the  non- 
decreasing Properties  B.8,  B.8S,  ]R.8SS  depending  upon  whether 
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P.3,  1P.3S  or  P.3SS  holds  for  the  parent  correspondence 
x -*•  P(x)  . 

For  given  global  price  histories  p°  e (L^)^  » r°  £ (L^)m  , 
the  Benefit  Functional  »r°)  depends  only  upon  the  total  cost 

c > 0 . The  cost-benefit  relationship  is  then  expressed  as  the  function: 


(9.3-2) 


c e R+  -*•  B(c  | p°,r°)  : 


■ »(£  e »+ 


Clearly  B(c  | p ,r  ) is  nondecreasing  in  c . 

A cost-benefit  relationship  can  also  be  formulated  inversely  in 
terms  of  the  minimal  cost  of  achieving  a total  benefit  B e R 

*T"r 

under  a price  structure  r , by  the  functional 


(9.3-3) 


*(f  ,S>)  s = Inf  j<P,x>  *•  ^ ^ n(|)| 


in  which  p e (L^)^  is  taken  as  applicable  globally.  If  r < 0 , 

is  empty  and  ,pj  * +»  . If  r ^ 0 with  not 

empty,  x<|-|  ,pj  =0  for  p = 0 and  ,pj  >0  if  p »>  0 . 

Otherwise,  »p|  has  the  same  properties  as  the  cost  functional 

K(u,p)  in  p e (L^)^  . The  strong  property  H.6  implies  that  ,pj 

is  nonincreasing  in  ('b  j • 

Then  for  given  price  histories  (p°)  e (L^)"  , (r°)  e (L^)m  , the 


minimal  cost  of  achieving  at  least  a total  benefit  B is  given  by 
the  function 


(9.3-4) 


B e R. 


X (B  | r°,p°)  : 


<(t  ’p0)  £ R+ 


Since  ,p]  is  nonincreasing  in 
is  nondecreasing  in  B . 

In  case  the  parent  correspondences  x -►  P(x)  , u ■+•  ]L(u)  are 
inversely  related  homothetic,  these  cost-benefit  relationships  take 
simple  interesting  forms: 


(*)• 


the  function  x(B  j r°,p°) 


P(x)  = F (# (x) ) • ju  e (L^)™  : ff  (u)  < l| 
IL(u)  = F 1(ff(u))  • jx  e (L^)"  : #(x)  > lj  , 


where  ff(u)  and  #(x)  are  homogeneous  distance  functionals  (see 
Section  5.1).  Then  the  map  sets  and  are  expressed  by 


(9.3-5)  r(f)  - jU  « a„>;  : ff(u)  i F'l(^){ 

(9.3-6)  n(f)  . c : #<*>  J f(^)| 


where  M(p)  and  H(p) 
The  isoquants  of  T 
deflated  total  cost  c 


are  price  level  deflators  (see  Chapter  8). 


and 


“(t) 


are  then  expressed  in  price  level 


and  total  return  R bv 


(9.3-7)  ISOO  I-(f)  - ju  e (LJ*  : ff(u)  - F’1  (^)j 

(9.3-8)  ISOQ  - j*  £ a„>"  : #<x>  ■ F (ufpy)}  • 


In  using  these  special  forms  one  obtains 
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B 


M 


Sup  < < r,u)  : ff (u)  < F 


3UP  •, 

U ( 


= F 


( MCp)  ) 


I 


1 ( M(p)~)  ’ SuP^<r»u>  : ff<u)  = U > 


and  by  (8.3-5), 


(9.3-10) 


“(£  >r)  * F"l(w) ' N<r! 


Similarlv 


(9.3-11) 


*(t  *p)  " f(t?7o)  ‘ w(p) 


using  (9.3-8)  and  (8.3-2).  Recall  that  W(p)  and  U(r)  are  total 
value  price  level  deflators.  In  such  terms  (9.3-10)  states  that  the 
Maximal  Benefit  obtainable  at  a total  cost  not  exceeding  c > 0 , under 
price  histories  p e (L^)"  and  globally  effective  price  histories 
r e (L^)m  , is  directly  proportional  to  the  price  level  deflator  of 
total  value  of  outputs,  and  varies  by  F F(*)  with  total  cost  deflated 


value 


M(p) 


. Inversely,  the  Minimal  Cost  of  achieving  at  least  a 


benefit  B > 0 , under  global  price  histories  p e (L^)_j_  and  price  histories 

r e vL^)m  for  outputs,  varies  directly  with  the  price  level  deflator 

B 

of  total  cost  and  by  F(*)  with  total  benefit  deflated  value  . 

W(r) 

To  put  the  interpretation  of  (9.3-10)  and  (9.3-11)  another  way, 

Equations  (9.3-10)  and  (9.3-11)  may  be  written  as 


(9.3-12) 


»(f  •») 

W(r) 


(w(p>) 


51 


> 


p 


(9.3-13) 


stating  respectively  that 

(a)  The  Real  Maximal  Benefit  attainable  at  a total  cost  not 
exceeding  c is  a function  F ^(*)  of  the  Real  Value  of 
Cost  c , 

(b)  The  Real  Minimal  Cost  of  achieving  at  least  a total  benefit 
B is  a function  F(*)  of  the  Real  Value  of  Benefit  B . 

Such  relationships  afford  a possibly  interesting  way  of  estimating 
returns  to  scale  when  the  parent  correspondences  are  inversely  related 
homothetic.  Then 


ff(x)  - F(#(x))  • P(l)  , 

where  1P(1)  is  a fixed  set  and  #(x)  may  be  interpreted  as  an  index  of 
level  of  inputs  (see  Section  8.3),  and  the  function  F(*)  defines  in  this 
sense  the  returns  to  scale  of  input  histories,  which  may  be  studied  by 
(9.3-13)  at  the  smoothed  graph  of  Real  Cost  of  Achieving  B plotted  on  the 
Real  Value  of  B . The  price  level  deflators  find  their  definitions  in  terms 
of  the  distance  functionals  #(x)  and  ff (u)  and  the  fixed  sets  1L(1) 
and  P(l)  as  minimal  and  maximal  problems.  (See  Section  8.3). 

If  the  output  price  histories  r e (L^,)1"  are  taken  as  given,  and  the 
price  histories  p e (L^)  + are  known,  the  maximal  benefit  ,rj  varies 

directly  with  real  total  cost  c by  the  function  F ^(*)  . See  (9.3-12). 
Similarly  for  given  histories  of  prices  p and  r , the  minimal  cost 

,pj  varies  directly  with  the  real  total  benefit  B by  the  function 
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F(*)  , see  (9.3-13),  indicating  how  the  cost  benefit  relationship  under 
global  prices  is  related  to  returns  to  scale. 

9.4  Cost-Benefit  Analysis  Under  A Representative  Preference  Structure 

In  the  previous  section  the  structure  of  a cost  benefit  analysis 
under  global  prices  reflects  benefit  to  the  recipients  of  outputs  only 
if  a fixed  set  of  price  histories  are  compatible  with  the  underlying 
preferences.  To  some  extent  this  may  oe  true  if,  for  example,  the 
price  histories  r t (L^)m  evaluating  output  histories  express  time 
preferences,  and  the  price  histories  p £ (L  )^  reflect  actual 
anticipated  costs,  as  they  might  if  the  evaluation  is  made  over  a bounded 
interval  of  time.  However,  fixed  price  histories  cannot  be  made  to 
express  changing  preferences  for  different  relative  amounts  of  outputs. 

In  any  cost-benefit  relationship,  the  benefit  to  many  individuals 
may  be  involved.  Thus,  even  if  a preference  structure  is  used  to  evaluate 
outputs,  there  may  be  no  single  relationship  to  consistently  express 
the  preferences  of  all  individuals. 

For  the  discussion  of  this  section,  a single  preference  structure 
(by  delegated  authority,  perhaps)  will  be  assumed  in  the  form  of  a 
functional 

(9.4-1)  u e (L  )“  •*>  IPF(u)  e R1  . 

00  -+• 

Let  ,>  denote  "at  least  as  preferred  as,"  and  ~ denote  indifference, 
i.e.,  ,>  and  < . Then  the  preference  functional  (9.4-1)  obeys  for 
u £ <LJ+  * v e (Lj;  that 
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(9.4-2)  u ,>  v iff  PP(u)  > PF(v)  . 

When  comparing  two  vectors  of  output  rate  histories  u and  v , we 
need  not  consider  all  the  details  of  this  preference  ordering,  i.e., 
whether  future  outputs  are  less  preferred  than  present  ones,  or  whether 
after  a certain  accumulated  amount  of  a product  it  becomes  less  preferred 
than  one  with  less  accumulation,  and  the  like.  The  intertemporal 
comparisons  of  the  preference  structure  may  be  complicated  indeed. 

However,  certain  global  properties  will  be  taken  for  the  preference 
function  PP(u)  . The  comparisons  made  by  PP(u)  are  ordinal,  i.e., 
(PF(u)  - PP(v))  has  no  interpretation  as  excess  or  deficit  amount  of 
preference.  Even  so,  as  a matter  of  convenience  we  may  take  PF(0)  = 0 , 
i.e.,  associate  the  real  number  zero  with  the  null  output  vector,  without 
loss  of  generality.  Then,  any  vector  w e (L^)®  of  output  rate  histories 
for  which  PP(w)  <0  is  less  preferable  than  nothing  at  all.  With 
some  restriction  of  generality  it  will  be  assumed  that 

(9.4-3)  PF (0u)  > PP(u)  for  0 e [1,+®)  , 

which  is  to  say  that  any  upward  scaling  of  a vector  of  output  rate 
histories  is  at  least  as  preferred  as  the  vector  being  scaled.  This 
assumption  does  not  imply  that  PP(9u)  +®  as  9 -*■+“>  . One  need 
not  go  this  far.  For  sufficiently  large  values  of  the  scalar  9 , 
the  scaled  vectors  (9u)  of  a particular  vector  u may  be  indifferently 
preferred . 

In  place  of  an  assumption  that  PF(0u)  -*■  +®  for  9 -*■  +®  for 

tm 

all  u e (L  )f  , it  is  assumed  instead  for  nonsatiation  that 
°°  + 
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(9.4-4) 


For  each  E e R+  there  exists  a vector 

u e (L  such  that  IPF(u)  > E . 

00  + = 


However,  IPlF(u)  is  taken  to  be  bounded  for  u bounded. 

The  only  further  assumption  to  be  made  for  the  preference 
functional  FF(u)  is  that  it  has  closed  level  sets,  i.e., 


(9.4-5) 


A(E) 


: = |u  z (Lm)™  : ]P3F(u)  > e|  is  closed. 


This  assumption  is  made  primarily  for  mathematical  convenience. 
In  place  of  the  functional  ,r\  , one  may  calculate 


ff*(£ 

) : = Sup  FF(u) 

: u c r(*)j 

\c 

' u ( 

\c  /) 

to  represent  the  cost-benefit  relationship.  Regarding  p e (L^)”  as 

a given  vector  of  price  histories  for  inputs,  suppose  c^  > z^  with 

1PF  M—  1 > FF|-^- | . All  that  one  can  say  for  such  a cost-benefit  relation- 
\C1 / \2  / 

ship  is  that  the  outcome  of  using  the  larger  cost  c^  is  more  preferred  than 
that  for  the  smaller  outlay  z^  . 

Let  E e R+  denote  values  of  the  preference  functional  FF(u)  . 

A preference  indirect  correspondence  is  defined  by 


a.)? 

E e R+  -*■  E(E)  e 2 , where 

1(E)  = |x  e (Lj”  : x e ]L(u)  , FF(u)  > e| 


(9.4-6) 
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to  replace  the  return  indirect  correspondence 
Alternatively  1(E)  may  be  defined  by 


(see  9. 2-1, 2). 


(9.4-7)  £(E)  : = U ]L(u)  . 

FF(u)>E 

An  indifference  class  of  vectors  of  output  histories  is  defined  by 
(9.4-8)  1(E)  : *=  ISOQ  1(E)  , E e R+  . 


Then  £(E)  consists  of  the  set  of  vectors  of  input  rate  histories 
yielding  vectors  of  output  rate  histories  which  are  at  least  as  preferred 
as  those  of  the  indifference  class  1(E)  . 

The  properties  of  the  preference  indirect  production  correspondence 
are  given  in  the  following  proposition: 

Proposition  (9.4-1): 

The  properties  of  the  correspondence  E ■+■  £(E)  are: 


£.1 

£(E)  = (L  )“ 

00  + 

for  E < 0 , 

and  0 ^ £(E)  for 

£.2 

n . £ (E)  is 
EeR 

emp  ty . 

£.3 

If  x e £ (E) 

, (Xx)  e £ (E) 

for  X e [1,+°=)  . 

£.4 

£(E2)  C £(Ex) 

for  E2  > E^ 

• 

£.5 

E -*•  £(E)  is 

Quasi-Concave 

in  E . 

Concerning  Property  £.1,  clearly  PF(0)  * 0 , and  1.(0)  = (L^)”  . 

Hence  £.1  holds  for  E = 0 . In  case  E < 0 , clearly  1P]F(0)  > E 

and  1.(0)  = (L  )"  . Thus  £(E)  =*  (L  )"  for  E < 0 . In  case  E > 0 , 

P]F(u)  > E > 0 implies  u >_  0 and  0 £ IL(u)  for  u >_  0 . Thus 

0 i £(E)  for  E > 0 . 
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Property  Z.2  holds,  because  suppose  x°  e 1(E)  for  E e . 

Then  PF(u)  is  unbounded  on  the  bounded  set  ]P(x°)  , contradicting 
the  assumption  that  IPlF(u)  is  a finite  functional. 

Property  Z.3  obviously  holds,  since  x e Z(E)  implies  x e IL(u) 

for  PlF(u)  > E , while  any  vector  (Xx)  e IL(u)  for  X c [1,+°°)  by 

Property  ]L.3. 

Property  Z.4  is  evident,  since  if  x e Z(E2>  , x e IL(u)  with 
PF(u)  > E_  > En  , and  hence  x e Z(E,)  . 

The  correspondence  E Z(E)  is  Quasi-Concave  if  (Z(E)  DZ(E'))  C 
(Z ( (1  - 9)E  + 0E'))  for  9 e [0,1]  , E'  # E . To  verify  Z.5,  suppose 

x e Z (E)  n Z(E')  . Then  x e IL(u)  for  ]PF(u)  > E , PF(u)  > E'  , 

i.e.,  IF(u)  > Max  [ E , E ' ] . Accordingly  FF(u)  > [(1  - 0)E  + 9E ’ ] 
for  0 e [0,1]  , and  x e Z((l  - 0)E  + 9E')  for  9 t [0,1]  . 

Now,  with  the  preference  indirect  correspondence  E ■+•  Z(E)  , one 
may  calculate  the  minimal  cost  functional 

(9.4-9)  )&(E,p)  : = Inf  (<p,x)  : x e Z(E)} 


to  replace  »pj  defined  by  (9.3-3).  This  cost  functional  gives 

the  minimal  cost  of  obtaining  vectors  u of  output  rate  histories  which 
are  at  least  as  preferred  as  those  of  the  indifference  class  1(E)  . 

The  properties  of  )0((E,p)  in  terms  of  p e (L^)”  follow  those 


of  )0 ( 
that 


M 


and  will  not  be  replaced  here.  It  is  of  interest  to  observe 


(9.4-10)  XC(E',p)  > xx (E,p)  for  E'  > E . 


This  property  follows  directly  from  Property  Z.4. 
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From  an  engineering  viewpoint  (as  it  sometimes  appears  to  be 
practical  on  public  projects),  different  values  E and  E'  in  the 
ordinal  relationship  FF(u)  may  be  measured  by  the  minimal  cost  of 
resources  required  to  attain  at  least  these  values,  assuming  that  the 
price  structure  p is  applicable  in  both  cases.  By  this  treatment  the 
cost  benefit  relationship 

?) 

may  be  "cardinalized"  by 

(9.4-11)  c - .p)  • 

This  comparison  of  Maximal  "Ordinal  Preferences"  by  the  resource  costs 
of  achieving  them  has  some  basis  for  justification  provided  extremes 
are  not  being  compared.  However,  for  an  increased  safety  margin  of  one 
percent  at  the  ninety-eight  percent  level,  the  resource  cost  may  be  very 
great  and  hardly  commensurate  with  losses  entailed  by  foregoing  the  one 
percent.  It  does  not  seem  reasonable  to  assume  globally  th3t  inherent 
worth  is  proportional  to  cost. 

Still  the  minimal  cost  functional  X((E,p)  serves  to  provide  a 
basis  for  evaluating  the  relative  costs  of  two  proposals  ordered  by 
the  preference  function  PF(u)  . 


3PF 
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